Chapter 1 Kinematics of a particle
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Kinematics of a particle

In this chapter, we will provide an overview of particle kinematics. Kinematics is

a branch of physics that deals with the description and analysis of motion, primarily

focusing on the positions, velocities, and accelerations of objects, without consideration

for the forces that cause these motions. In simpler terms, kinematics is concerned with

the "what" and "how" of motion, rather than the "why," which is addressed by dynamics.

Five key aspects that define kinematics include:

L.

Position: Kinematics describes the object's spatial position at different points in
time. It utilizes coordinate systems to specify the object's location relative to a
reference point or axis.

Velocity: In kinematics, velocity represents the rate of change of an object's
position with respect to time. It provides information about both the object's speed
and its direction of motion.

Acceleration: Acceleration is the rate of change of an object's velocity with
respect to time. It indicates how an object's speed or direction of motion is
changing.

Time: Kinematics often involves the parameter of time, as it tracks how position,
velocity, and acceleration change over time.

Trajectories: Kinematics can be used to describe the paths or trajectories that

objects follow during their motion.
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Chapter 1 Kinematics of a particle

I.1. Type of motion
I.1.1. Rectilinear motion
Rectilinear motion refers to the type of motion in which an object moves along a
straight line or path. In rectilinear motion, the object's position changes with respect to
time, but its path remains a straight line, without deviation. Rectilinear motion is
characterized by the following elements:
1. Straight Path: The object moves in a single, straight line, and its position changes
exclusively along this line.
2. Constant or Variable Speed: The object may maintain a constant speed (uniform
rectilinear motion) or alter its speed over time (non-uniform rectilinear motion).
3. No Change in Direction: In rectilinear motion, there is no alteration in the
direction of motion; the object continues moving along the same straight line.
4. One Dimension: Rectilinear motion is typically described in one dimension,
focusing only on the position along the chosen straight path, without considering

motion in other directions.

_ Rectilinear motion
Object

Velocity (V)
. . }
Direction —»P

Straight line (patli)/\

Remark: Another definition of the rectilinear motion can be stated as the motion that

occurs along a single-direction path, specifically a straight-line motion

I.1.1.2. Quantities involved in rectilinear motion
In linear motion, or rectilinear motion, several important quantities can be discussed,

including:
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1. Position: Position refers to the location of an object relative to a reference point

or axis. It is typically measured in units like meters, feet, or any other appropriate

unit of length.
OP: Position vector ? Moving
object
» Velocity (V)
. Straight-path Direction

Location of the
moving object

Reference Axis

2. Displacement: Displacement is the change in an object's position from its initial
to final location. It considers both the distance and direction of movement and is
also measured in units of length.

3. Distance: Distance is the actual length of the path covered by an object during its
motion. It is a scalar quantity and is measured in units like meters (m).

4. Initial Position: This is the starting point or location of the object at the beginning
of its motion. It's often used to calculate displacement.

5. Final Position: The final position is the location of the object at the end of its

motion. It's crucial for determining displacement.

Starting motion End-point motion
| Displacement 1
I 3
. >
| |
: . Distane R :
1% Ll |
%
Piiia Pgna
Initial position Final position

3|Sedrati



Chapter 1 Kinematics of a particle

6. Velocity: Velocity is the rate of change of an object's position concerning time. It
indicates both the speed (magnitude of the velocity) and the direction of motion.
Velocity is typically measured in units like meters per second (m/s).

6.a. Average velocity: It is determined by the displacement (X, — X;) divide by

the total time interval (t, — t;) it takes cover; in other words :

_ X,—X
p=22 11
t, — 1y

6.b. Instantaneous velocity: It is the limit of the average velocity (V) as the time
interval (t, — t;) approaches zero. It provides the velocity of an object at a specific

instant.

V= lim (— = lm — = —
(t2=t1)-0 \ t, — t; At—-0 At dt

. : — : d
Thus, this is the time derivative of displacement (d—f)

7. Speed: Speed (v) is a scalar quantity that represents how fast an object is moving,
regardless of'its direction. It is the magnitude of velocity and is measured in meters
per second (m/s).

8. Acceleration: Acceleration is the rate of change of an object's velocity concerning
time. It can indicate how an object's speed or direction of motion is changing. Unit

of acceleration is typically meters per second squared (m/s?).

av _ d’X

“Tar T a

9. Time: Time is a fundamental parameter in the study of linear motion. It's used to
track changes in position, velocity, and acceleration over time and is typically
measured in seconds (s).

10. Time Interval: The time interval is the duration over which the motion occurs. It's
the difference between the final time and the initial time (t, — t;) and is measured

in seconds.
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Understanding and calculating these quantities is fundamental to analyzing and
describing linear motion in physics. They provide the basis for formulating equations and
solving problems related to objects in motion.
1.1.1.3. Type of rectilinear motion

1. Uniform Rectilinear Motion: In uniform rectilinear motion, velocity remains
constant (v = cste). There i1s no acceleration (a = 0), and no net external force

acts on the object (3, F = 0).

2. Uniformaly accelerated rectilinear motion: In this linear motion, velocity is
changing but the acceleration is constant also known as Kinematic Equations. The

motion of the body can be given by the three equations of motion.
v=a.t+ Vo

1 2
x=§at + vot + X

v —vi=2a(x, —x;)

I.1.2. Coordinate Systems and Components of a Vector
I.1.2.1. What is a Vector?

Vector quantities possess both magnitude and direction; direction is understood to
include both the angle that the line of action makes with a given reference line and the

sense of the vector along the line of action.

YVector: ﬁ = E
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Examples are force (ﬁ ), displacement (E)) and velocity (V). A vector is
represented by an arrow at the given angle. The head of the arrow indicates the sense, and
the length usually represents the magnitude of the vector.

Vectors are usually described in terms of their components in a coordinate system.
It means that when working with vectors in mathematics or physics, they are often
represented or characterized by specifying their individual parts (components) within a

particular coordinate system. In a three-dimensional space, this coordinate system might
be represented as (i’,j’, E) or (x,v,z). Each component indicates the vector's magnitude
along a specific direction within that coordinate system, allowing for a comprehensive
description of the vector's properties.

Example: It is required to represent A(x4, V4, Z4) and B(xg, Y5, Zg ), that are two particles’
positions, in an orthogonal basis (Oxyz) and then draw the vector AB. It is assumed that
their components are positive and that (x, < x5,y4 < ¥g,Z4 < Zg). We start by

representing the positions 4 and B :

Zw) N

~

“kA(X, V4, 24)

|
i ¥Ya
|

Zg e}
..

S

\“4;3(13-YB- zg)

—

k
0 (0,0,0)

S~y

~
’
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Both points A(xy4, y4,24) and B(xg, yp, Zg) must be represented in the same orthogonal

basis (Oxyz) to draw the vector (E), and it appropriately introduces the following figure

for further illustration.
zl\
ZB’*\
< T
N -
| I .
& .
N ~y B
Z,% 1
v A/
~ 1
S |
Al :
kA ' :
1
j : Ya Y —JYa YB
0 (0,0,0) > ! >
- \\\\ : : y
X4 L S 1
XB — X4 7 gBRhkii )Ik -\-I* : p
V4 AT
Y . -
' B’
x

The vector (ﬁ) can be written as follows:

E = (xp _xA)i)_*'(yB _yA)]_)_*_(ZB _ZA)E

If we consider V = E, we obtain :

—_—

V=4B =(xz—x) T+ s —y) ]+ @ —2z)k

Knowing that :
I7 = xVi)+yV]—>+ZV E

Hence, the components of V are :

Its magnitude is :

[l = s + 3 + 2 = VG~ 57 7 a3 (a2
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a. The unit vectors
A unit vector is typically denoted as follows :
v A unit vector has a magnitude of 1 (eg. ||l_j || =1)
v" Unit vectors are often used to describe the direction of a given vector
v A unit vector is a vector of unit magnitude used to specify a particular
spatial direction
In three-dimensional space, the unit vectors along the x, y, and z axes are

correspondingly designated as :

~J

1. L :along the x-axis and it has components (1, 0, 0)
ii. j :along the y-axis and it has components (0, 1, 0)

iii. k : along the y-axis and it has components (0, 0, 1)

Z 4

S =

~y
S~y
<

These unit vectors are essential in describing the direction of other vectors in three-

dimensional space.
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To create a unit vector in a specific direction, you divide the vector in that direction by its

magnitude. Note that the magnitude of this unit vector effectively normalizes its length

01 (7] = 1),
AB

l_j = —
|45

Where (||A—B>||) is the magnitude of the vector (E) and (l_j ) is the unit vector associated
with (AB).

b. Operations on vectors

Several arithmetic operations can be performed on vectors, including addition,
subtraction and multiplication. Consider the two following vectors V and G where:

‘7=xV_l)+yvj_)+Zvl_()

-

5 =xG_l)+yG]_)+ZGk

+ Addition of two vector

V+G= oy +x5) T+ y +y5) T+ (ZV+ZG)E
+ Subtraction of two vectors

V-G= ey —xg) T+ oy —ye) T+ (ZV_ZG)E
+ Multiplication

o Scalar multiplication (4 : constant)
AV =20, +yJ+zk)
AV =Ax, 0+ Ay, J+Arz k
o Dot Product (Scalar Product)
V-G =7l ]| coso
Remark:

1-7=jJ=k-k=1(0=0"=cos0=1)

1:j=T-k=Jk=0(0=90" = cos90 = 0)
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The dot product (scalar product) between V and K can be developed as shown bellow:
V-G = (e T+ ] +z E) (xT+ye] + 2g I_c))

Al (= Q (=1 =i
Il Il Il Il
-

VeG=0y xg) T T4+ (xy-ye) U ]+ (xp Zc)l k‘*‘()’v X)) T+ Qv ye) )T
+(J’V'ZG)]_)'k+(ZV'xa)k'?‘i‘(ZV'YG)k'j+(ZV'ZG)k'k

I I Il I
(=) (=) (=) =

The final result is :

-

V-G=(ty-xg)+ Oy yo)+ (zy - 25)

o Cross Product (Vector Product)
7 7G| = |7 |é] -sin6

Remark:

The cross product (vector product) between V and K can be developed as shown bellow:
‘_/)/\ é) = (xV_l,)+yv7+ ZV E) N (.XG_I,)‘I' ij)‘I' ZG ]_())

VAG = (xy x)IAT+ Gy ye) INT+ Oy 2e) INK+ (yy - x5) JAT
\ 0; e \_Y_J Jjﬁﬁ

=k ="—j
+ Oy - YG)\]_/Y\_]}'l' (v - ZG)RI__Hk + (zy - x G)\k_:Y_]} [+ (zy - ¥6) g\é

+ (zy - 26) (‘_Yj

VAG = Cev - v6) K+ (v zg) (=) + v~ x6) (_E) + O ze) 1+ (zv - x6) ]
+ (zv - y6) (-0
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VAG = v ze) U+ (zy - ye) (CD + (2 - x6) T+ (xy - 26) (—f)-}—(xv-ya)l_é
+ Gy - x6) (_I_())

I7>/\G_>=(}’V'ZG —zy Ye) L+ (y " zg — 2y " x5) ] + Xy Yo — Yy x6) k

This result can be found using the determinant method as follows:

I7AG_>=(yV'ZG_ZV'yG)?_(xV'ZG_ZV'xG)]_)_*_(xV'yG_yV'xG)E

I.1.2.4. Coordinate systems

A coordinate system is a mathematical framework used to represent the positions of points
or objects in space, whether in two-dimensional or three-dimensional settings. It provides
a way to describe the location of points (particle/moving-object) using numerical values
called coordinates.

Example: The illustration in the ensuing figure depicts the representation of M(X,Y, Z)
in the orthogonal basis (Oxyz). Here, (X,Y,Z) represent the components of M,

while (i’,f, E) denote the unit vectors associated with the axes (Ox, Oy, Oz), respectively.

ZJL
YA R
‘-i\—M(X,Y,Z)
EJ\ :
1
! Y
0)—. ; —
~J i 77
i) \\\\ E ’,
X
____________________ _4"‘
x M'(X,Y)

In the ensuing sections, the physical quantities such as position vector (0—1\71), velocity (I7)

and acceleration (d) will be expressed in the various types of coordinate systems:
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A. Cartesian Coordinate System:
i. 2D Cartesian Coordinate System:
In the 2D Cartesian coordinate system, points are located using two numerical
values: x and y. The point (0,0) is called the origin, and it is the intersection of the

x-axis (horizontal) and the y-axis (vertical).

Ya
M(X,Y)
Y
S
)
00 X x
v’ Position vector (OM) :
OM=Xi+Y]

v’ Velocity vector (V) :

V=——=— (X747
V=—gr =& i+YD
= sy
e/ T J
dx v iy v dy v
_ax a _ar _
*dt Yoo dt
V|| = vz +v?
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v’ Acceleration vector (@) :

ﬁ_ﬁaﬁ_dv_d2m9+yj_d(vé+vﬁ
T Tar ae T T g\t

ii. 3D Cartesian Coordinate System:
The 3D Cartesian coordinate system extends the 2D system by adding a third

dimension, the z-axis (vertical, extending in and out of the plane defined by the x

and y axes).

OM=XT+Y] +Zk

|0M]| = VX2 + Y2 + 22
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v Velocity vector (V) :

V—dOM—d(X*+Y*+ZE)

T Tdr ac

L odx . dYy . dZ_ I

V=—"wil+—]+—k=X'"T4+Y'j+272"k
t t dt

S_dX_ A _dz_

*odr Yodt 25 dt

d*0M _dV _ d?

i=—5 —E=ﬁ(X?+Yj+ZE)=%(fo+vyj+vzﬁ)
L, d*X ., d* , d*Z . aV,, dV, , dV, .
azdt2l+dt2]+dt2k=dtl+dty]+ﬁk
A=X"T+Y"]+Z2"k=V I+ ]+ Vk
a,=X"=V a, =YY"=V a,=2"=V,
Il = o + a5 + a3
Example:

The position vector (O_M) of a moving particle is written as follows:
OM = (t3+2t)T+3t2]+ 3tk
a. Represent (O_M) in the orthogonal basis (Oxyz) and find its magnitude at t = 1 sec

b. Find the velocity vector (V) and its magnitudes ||I7|| att = 1 sec

¢. Find the acceleration vector (@) and its magnitudes ||d|| at t = 1 sec
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Solution:
a. Att = 1 sec the formula of the position vector (O—IVf) 1S :
OM(t=1sec)=(12+2x1)7+(Bx12)j+(Bx1)k
OM(t=1sec) =37+3]+3k

. M(3,3,3
~ " (3,3,3)
i v=3
Ji Y
X =3/ il
x M'(3,3)

The position vector magnitude is: ||07ﬂ| =+32+324+32=+27=52m

b. Velocity:

V=" =%((t3 +20) T+ 327+ 3tl_€)
=l (3 + 2t)?+i (3t)) 7 +i(3t)7€ =@t2+2)T+6t7+3k
dt dt dt
Then: V= (3t2+2)T+6t]+3k,att =1sec:V=5{+6]+3k
The velocity magnitude is: ||I_/)|| =52 + 6% + 32 =70 = 8.37 m.sec™!
a. Acceleration:
dv

d R
—>:_:_ 2 2—> -
a T dt((St + )l+6t]+3k)

17—d (3t2+2)*+d 6t *+d Nk=(6t)T+67]
Then: d=(6t)T+6,att=1sec:da=61+67]

The acceleration magnitude is: ||d|| = V62 + 62 = V36 = 6 m.sec™?
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B. Polar Coordinate System:
i.  In the polar coordinate system, a point is represented by two values: radial
distance (r) and an angle (0).
iil.  The radial distance (r) is the distance from the origin (pole) to the point.
ili. The angle (0) is measured counterclockwise from a reference direction,
typically the positive x-axis.
iv.  Converting between Cartesian and polar coordinates requires the use of

trigonometric functions. For example, x =1 * cos(0) and y = r * sin(0).

S~

C. Other Coordinate Systems:
i.  Cylindrical Coordinate System: It extends the 2D polar coordinate system
into 3D space by adding a third value, typically denoted as z. It is often used
in engineering and physics, especially when dealing with problems that

exhibit cylindrical symmetry.

Z

16 |Sedrati



Chapter 1

ii.

Kinematics of a particle

Spherical Coordinate System: Spherical coordinates describe a point in
3D space using three values: radial distance (r), polar angle (0), and
azimuthal angle (¢). It is particularly useful for describing points on the

surface of a sphere.
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D. Curvilinear Coordinates:

i.

In some contexts, such as problems involving curved surfaces or spaces,

curvilinear coordinate systems are used. These are coordinate systems

17|Sedrati



Chapter 1 Kinematics of a particle

tailored to the specific geometry of the space, making calculations more
convenient.
E. Geographic Coordinate System:

i.  Earth's surface is often represented using the geographic coordinate system,
which uses latitude and longitude to pinpoint locations. Latitude measures
north-south positions, while longitude measures east-west positions.

Coordinate systems are essential in various fields, including physics, engineering,
computer graphics, navigation, and more. They provide a standardized way to describe
and analyze the positions of objects or points in space, making it easier to solve problems
and communicate spatial information. The choice of coordinate system depends on the

specific problem and the convenience it offers for mathematical calculations and analysis.
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Motion in space
Motion in space, also known as three-dimensional motion, refers to the movement of an object
through three spatial dimensions: length, width, and height. Unlike rectilinear motion, which is
confined to motion along a straight line, motion in space involves objects that can move freely
in any direction and can change both their position and orientation in three-dimensional space.
Key characteristics of motion in space include:
1. Three Dimensions: Motion in space occurs in three spatial dimensions, often referred to
as x, y, and z axes. These dimensions represent length, width, and height, respectively.
2. Change in Position: In motion in space, an object's position changes not only along a
straight line but also across multiple directions. It can move forward/backward, left/right,
and up/down simultaneously.
3. Change in Orientation: Objects in motion in space can also change their orientation or
rotation as they move. This means they can twist, turn, or spin while changing position.
4. Complex Trajectories: Motion in space can involve complex trajectories and paths, such
as curves, spirals, or irregular patterns, depending on the forces and constraints acting on
the object.
Examples of motion in space include:
« A satellite orbiting Earth.
« The flight of an airplane through the sky, which involves motion in three dimensions.
« A gymnast performing flips and spins during a routine.

« The movement of a drone in the air, which can navigate freely in three dimensions.
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Analyzing and describing motion in space often requires more complex mathematical and
physical models compared to one-dimensional motion. It involves vectors and vector quantities
to represent both position and velocity in three-dimensional space. Motion in space is a
fundamental concept in physics and engineering and plays a crucial role in various applications,
including aerospace, robotics, and astronomy.

Study of particular motions

The study of particular motions, in a general sense, involves examining and analyzing specific
types or instances of motion. It can refer to the detailed investigation of various aspects of motion,
including the characteristics, behaviors, and causes of specific movements.

Depending on the context, the study of particular motions can encompass a wide range of
disciplines and fields, such as:

1. Physics: In physics, the study of particular motions can involve analyzing the motion of
objects under specific conditions, such as the motion of planets, projectiles, or
pendulums. It can also include the study of particular types of motion, such as circular
motion or simple harmonic motion.

2. Engineering: Engineers often study particular motions to design and optimize systems
and machines. This can include analyzing the motion of components in engines, robotics,
or machinery to ensure efficient and safe operation.

3. Biology: Biologists study particular motions in organisms, such as the motion of animals
or the movement of cells and molecules within biological systems.

4. Sports Science: Researchers in sports science may study particular motions related to
sports performance, such as the biomechanics of specific athletic movements or the
analysis of sports-specific motions.

5. Astronomy: Astronomers study the motions of celestial objects, such as the orbits of
planets, stars, and galaxies, to understand the dynamics of the universe.

6. Computer Animation: In computer graphics and animation, the study of particular
motions involves creating realistic and convincing motion for characters and objects in
virtual environments.

7. Geology: Geologists may study the motion of tectonic plates, the flow of lava during
volcanic eruptions, or the motion of glaciers and rivers.

The study of particular motions can be highly specialized and tailored to the specific field of
interest. It often involves the use of mathematical models, simulations, experiments, and
observational data to gain insights into the behavior of objects and systems in motion under

particular conditions.
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